Abstract -Given a prime number p and x an element of the Tate field C p , the main goal of the present paper is to provide an explicit generating set, which is given by the trace function of x and all its derivatives, for the C p -Banach algebra of the Galois equivariant Krasner analytic functions defined on the complement in P 1 (C p ) of the orbit of x with values in C p .
Introduction
Let p be a prime number, Z p the ring of p-adic integers, Q p the field of p-adic numbers, Q p a fixed algebraic closure of Q p , and C p the completion of Q p with respect to the p-adic valuation.
Let A ⊆ B be topological commutative rings and M an arbitrary subset of B. We denote by A[M ] the smallest A-subalgebra of B that contains M . Such a set M is said to be a generating set of B over A if the ring A[M ] is dense in B. The concept of generating degree was introduced by Ioviţȃ and Zaharescu [11] . The generating degree of B/A is defined to be gdeg(B/A) := min{|M |, where M is a generating set of B/A} .
(Here |M | denotes the number of elements of M if M is finite and ∞ if M is not finite.)
The generating degree of B over Z, if charB = 0, or over F p , if charB = p, will be denoted by gdeg(B) and will be called shortly the absolute generating degree of B.
An important result [4, Theorem 1] says that gdeg(E) = 1 for any closed subfield E of C p . In particular gdeg(C p ) = 1, which means that Z[x] = C p , that is, there exists an element x ∈ C p , called generic, such that the topological closure of the ring Z[x] in C p coincides with C p .
Let us denote P = P 1 (C p ). Let U ⊂ P be an affinoid, by which we mean that U = P \ ∪ g i=1 B i , where each ball B i is an open ball in P. Such a subset U ⊂ P is called a wide open set in the sense of Coleman, if at least one ball B i is a closed ball. We denote by A(U, C p ) the set of rigid analytic functions defined on U with values in C p , that is, the functions that are uniform limit of rational functions with poles outside U . Another important result [4, Theorem 1] is that gdeg(A(U, C p )) = ∞, if U is a wide open set; gdeg(A(U, C p )) ≤ g + 1, if U is an affinoid of the form P \ ∪ g i=1 B i ; and gdeg(A(U, C p )) = 2, if U is a closed ball in P.
The notions of trace, trace function and trace series that are associated with an element x of C p were introduced and investigated in a series of articles [3, 13, 17] . Given an element x ∈ C p , the trace of x is defined by the equality
provided that the integral with respect to the Haar distribution π x on the right side of (1) is well defined. This is the case, for example, when π x is bounded, that is, when π x is a measure. Here, O(x) = {σ(x) : σ ∈ Gal cont (C p /Q p )} is the orbit of x, which is a compact subset of C p . The integral is also well defined when x is a Lipschitz element, as shown in [3] .
The trace function F (z) of x is defined by
for all those z ∈ C p for which the integral is well defined. This is an analytic object that embodies a significant amount of algebraic data.
The main goal of the present paper is to provide an explicit generating set given by the trace function and all its derivatives. Furthermore, we also describe the generating degree of the C p -Banach algebra of Galois equivariant Krasner analytic functions [9, 14, 17] , defined on the complement in P of the Galois orbits of an element of C p . After the presentation of the necessary definitions and notations in Section 2, our main results, stated in Theorem 3.2 and Theorem 4.2, are proved in Sections 3 and 4, which are dedicated to the algebraic case and the transcendental case, respectively.
Notation and definitions
Let p be a prime number and Q p the field of p-adic numbers endowed with the p-adic absolute value | · |, normalized such that |p| = 1/p. We denote by v p the p-adic valuation. Let Q p be a fixed algebraic closure of Q p and denote by the same symbol | · | the unique extension of | · | to Q p . Further, denote by (C p , | · |) the completion of (Q p , | · |) and by O C p the ring of integers of C p (see the monographs by Amice [6] and by Artin [7] for the definitions of the fundamental concepts).
Consider the Galois group G = Gal(Q p /Q p ) endowed with the Krull topology. As we observed in [3] , the group G is canonically isomorphic with the group Gal cont (C p /Q p ) of all continuous automorphisms of C p over Q p . We shall identify these two groups. For any x ∈ C p denote O(x) = {σ(x) : σ ∈ G} the orbit of x, and let Q p [x] be the topological closure of the ring
Let Q p ⊆ K be a closed subfield of C p . An element x of C p is said to be a generating element (or a generic element) for K provided Q p [x] = K, notion introduced in the works [2] and [10] . By Galois theory in C p , as developed, chronologically, by Tate [16] , Sen [15] and Ax [8] , the closed subgroups of the Galois group G are in one-to-one correspondence with the closed subfields of C p . For any closed subgroup H of G denote
. For any ε > 0, H(x, ε) := {σ ∈ G : |σ(x) − x| < ε} is an open subgroup of G of finite index and [G : H(x, ε)] = N (x, ε) is the number of open balls of radius ε that cover O(x). From the article [2] , we know that the map σ σ(x) from G to O(x) is continuous, and it defines a homeomorphism from G/H(x) (endowed with the quotient topology) to O(x) (endowed with the induced topology from C p ). In such a way O(x) is a closed compact and totally disconnected subset of C p , and the group G acts continuously on
For any real number ε > 0 denote B(x, ε) = {y ∈ C p : |y − x| < ε} and B[x, ε] = {y ∈ C p : |y − x| ≤ ε}. Denote P = P 1 (C p ) = C p ∪ {∞} and E(x, ε) = {y ∈ P : |y − t| ≥ ε, for all t ∈ O(x)}. The complement of E(x, ε) in P is denoted by V (x, ε). Both sets E(x, ε) and V (x, ε) are open and closed, and one has
Let S ε be a complete system of representatives for the right cosets of G with respect to H(x, ε). We shall assume that the neutral element e of G is in S ε . We know from [3] that for any 0 < ε < ε,
Next, if X is a compact subset of C p , then by an open ball in X we mean a subset of the form B * (x, ε) = B(x, ε) ∩ X where x ∈ C p and ε > 0. Let us denote by Ω(X) the set of subsets of X that are open and compact. It is easy to see that any D ∈ Ω(X) can be written as a finite union of open balls in X, any two disjoint. Definition 2.1 (Mazur and Swinnerton-Dyer [12] ). By a distribution on X with values in C p we mean a map µ :
The norm of µ is defined by ||µ|| := sup{|µ(D)| : D ∈ Ω(X)}. If ||µ|| < ∞ we say that µ is a measure on X. Definition 2.2. We say that a distribution µ on X is Lipschitz if
where the "max" is taken over all the balls B * (a, ε) from Ω(X). Remark 2.5. In case x ∈ C p is Lipschitz, then the Haar distribution π x on the orbit of x is also Lipschitz. Definition 2.6. An element x ∈ C p is called p-bounded if there exists an s ∈ N such that p s does not divide the number N (x, ε), for any ε > 0.
In this case π x is a measure. It is clear that a p-bounded element of C p is also Lipschitz. [14] ). Let D be a closed infraconnected subset of P. A function f : D → C p is said to be Krasner analytic on D provided that f is a uniform limit of rational functions having no poles in D. We denote by A(D, C p ) the set of all Krasner analytic functions defined on D with values in C p . Remark 2.9. A key example of a closed infraconnected subset of P is E(x). If x is Lipschitz (see, for example, [1] , [3] and [5] ), the trace function F of x is Krasner analytic on E(x) with values in C p . Remark 2.10. Let X be a compact subset of C p and, for any δ > 0 let X δ be a finite covering of X with open balls of radius δ. One has that P \ X δ is a connected affinoid in the sense of [9] and it is also a infraconnected set in the sense of [14] . A function f of A(P \ X δ , C p ) is a holomorphic map in the sense of the Rigid Analytic Spaces, see [9] .
Definition 2.7 ([14]). A subset D of P is called infraconnected if its diameter δ is positive and for each
The set X ⊂ C p is said to be G-equivariant provided that σ(x) ∈ X for any x ∈ X and any σ ∈ G. (Such an example is X = O(x).) Definition 2.11. Let X be a G-equivariant compact subset of C p and let µ be a distribution on X with values in C p . We say that µ is G-equivariant if µ(σ(B)) = σ(µ(B)), for any ball B in X and any σ ∈ G.
Remark 2.12. On a Galois orbit O(x) there exists a unique Gequivariant probability distribution with values in Q p , namely the Haar distribution π x .
A Krasner analytic function defined on a G-equivariant closed infracon-
Let A G (D, C p ) be the set of Galois equivariant Krasner analytic functions defined on a subset D of P as above with values in C p , and let A G 0 (D, C p ) be its subset consisting only of those functions that vanish at ∞.
Remark 2.13. The trace function of a Lipschitz element x of C p , as in Remark 2.9, is a Galois equivariant Krasner analytic functions defined on E(x) with values in C p that vanishes at ∞.
The algebraic case
We begin this section with the following lemma that characterizes a function field generated by the derivatives of a certain precisely defined function. 
Proof. Let K be an algebraic closure of K and let
be the decomposition of f in K. Then, the derivatives of F = f /f can be written as
Now, let us show that any fraction g/f , where g ∈ K[X] is a polynomial of degree ≤ n, is an element of A. We have
2 , therefore f /f ∈ A. Again, by using Newton's identities, we find that A is closed to formal derivation.
Next, inductively we obtain f (i) /f for any 1 ≤ i ≤ n − 1 and by this we see that 1/f , f (n−1) /f, . . . , f /f ∈ A. Because the polynomials f , f (2) , . . . , f (n−1) , 1 have distinct degrees, it follows that g/f ∈ A for any polynomial g ∈ K[X] of degree < n, and it is immediately seen that this also holds true if deg g = n.
Let us consider G ∈ K[X] a polynomial of degree ≤ mn, as in the hypothesis of Lemma 3.1.
which completes the proof of the lemma. Now, let α ∈ Q p be an algebraic element of C p of degree d and let F (z) be the trace function of α. Let g ∈ A G 0 (P \ O(α), C p ) be a Galois equivariant Krasner analytic function that vanishes at ∞. By Mittag-Leffler Theorem one has
are all the conjugates of α 1 = α and a i,k = σ i (a 1,k ) ∈ Q p (α), for any k ≥ 1 and any 1 ≤ i ≤ d, which results from the fact that g is Galois equivariant, see [1] and [5] . By MittagLeffler's condition of convergence and [1] , it follows that the norm of g is ||g|| = sup k≥1 |a 1,k | 1/k . Now, we will show that g is in the closure of Q p [F, F , . . . , F (d−1) ] with respect to this norm. We have that
], for any k ≥ 1. Because g = k≥1 F k , by summing up we obtain the following result. Remark 3.3. In the terminology of the generating sets, as in the Introduction, from the above theorem one has that the set {F, F , . . . ,
The transcendental case
We preserve the notation and definitions from the previous sections. Let α ∈ Q p be an algebraic element of C p of degree d and let
be all the conjugates of α over Q p . We denote by f = Irr(α/Q p ) the minimal polynomials of α over Q p . Let F be the trace function of α. It is clear that
, for any k ≥ 0. We have seen in the previous section that a rational function of the form
that is Galois equivariant is of the form
∈ Q p (z) and it is an element of the ring Q p [F, F , . . . ,
. For the sake of simplicity, in what follows, we consider α such that |α| ≤ 1 and a i.k such that |a i.k | ≤ 1, for any i, k. These facts imply that
Let 
In what follows we take m = d and
The rational function 1 z−α is a root of the following equation
and the same equation is verified by each
are algebraic elements that are integral over the ring
A similar conclusion is obtained if instead of 1/(z − α i ) we take 1/(z − α i ) r , for any r ≥ 1. More precisely, we find that d!/(z − α 1 ) r , . . . , d!/(z − α d ) r are algebraic elements that are integral over the ring
One has the following result. Proof. First of all, we mention that the elements of these rings are considered as functions defined on the complement of a neighborhood of the orbit of α over Q p and the convergence is given by the uniform convergence norm on that domain. By this, a function from Λ is divisible by p if and only if each of the coefficients of the monomials of the function is divisible by p. With this in mind, we see that a function H ∈ Ω \ Λ has a unique representation of the form H = H p s , where H ∈ Λ \ pΛ and s is a positive integer. Now, if H were a a root of a monic polynomial with coefficients in Λ, then p would divide H in Λ. Since this is a contradiction, the proof of the lemma is completed.
By this, if we fix a neighborhood of the orbit of α and consider G a rational Galois equivariant function as in (2) with all the coefficients a i.k integers over Z p , on one hand we have that d!G is an element of Ω and on the other hand it is an algebraic integer over Λ. By Lemma 4.1 we know that d!G ∈ Λ, which means that
Now, let x be a transcendental element of C p and let 0 < ε < 1 be a positive real number. Denote
. Let α be an algebraic element of C p such that α ∈ B(x, ε) ∩ K x . By [5, Proposition 4.1], there exists a sequence {α n } n≥1 of elements of K x and a sequence {ε n } n≥1 of positive real numbers such that:
ii) for any n ≥ 1 one has ε n+1 ≤ inf{ε n /2, |x − α n |}, iii) |x − α n | < ε n , n ≥ 1, and deg α n is smallest with this property.
It is clear that x = lim n→∞ α n . Denote d n = deg α n = deg f n , where f n = Irr(α n /Q p ) is the minimal polynomial of α n over Q p , for any n ≥ 1. Also, for the sake of simplicity, we can suppose that |x| = |α| = |α n | ≤ 1, for any n ≥ 1, and that the sequence {α n } n≥1 satisfies the following condition
f n (z) and F (z) = lim n→∞ F n (z). It is easy to see that F n is the trace function of α n , for any n ≥ 1, and F is the trace function of x, which does exist because x is a Lipschitz element. The trace functions F n and F are considered defined on E(x) and the convergence is given by the uniform convergence norm.
For any σ ∈ S ε , denote O σ (x, ε) = {τ (x) : τ ∈ σH(x, ε)}, which is a compact subset of C p . In fact, one has O σ (x, ε) = B(σ(x), ε) ∩ O(x). For any integers m, n ≥ 0, denote
which is in fact the Mittag-Leffler decomposition of F m,n (z) on E(x, ε).
, C p ) be a Galois equivariant Krasner analytic function that vanishes at ∞. By Mittag-Leffler decomposition we find that
From Galois equivariance of G (see [1] and [5] ), we find that a σ,m = σ(a e,m ), for any m ≥ 1. Also, by the condition of convergence of (6), we may suppose that |a e,m | ≤ 1, for any m ≥ 1. For any m ≥ 1 denote
Let us recall recall the following result.
. Then for any z ∈ E(x, ε) one has
Next, for any m ≥ 1 and any 0 ≤ j < m, denote
and
The goal of this section is to show that a Galois equivariant Krasner analytic function G ∈ A G 0 (E(x, ε), C p ) is in the adherence of the ring Q p [F [1] , F [2] , . . . ,
. . ] with respect to the convergence uniform norm on E(x, ε). For this it is enough to show that the functions G m,j are in the adherence of this ring, for any m ≥ 1 and any 0 ≤ j < m. We have seen that all the numbers
m (α)) are algebraic integers over Q p , for any m ≥ 1, any 0 ≤ j < m and any σ ∈ S ε . Denote
for any m ≥ 1, any 0 ≤ j < m and any σ ∈ S ε . Here O σ (α n , ε) = {τ (α n ) : τ ∈ σH(α n , ε)} and π α n is the Haar distribution on the orbit O(α n ). By (4) we know that
In what follows we evaluate |G m,j (z)−H m,j (z)|. Because
m (α)) are algebraic integers for any σ ∈ S ε , we have
For the sake of simplicity we evaluate the module on the right-hand side of (10) for σ = e, which is the neutral element of G. By [3, Corollary 3.7 and Remark 3.8], we infer that N (x, ε n ) is a divisor of d n and, moreover,
, where the sum is made over all
conjugates of α n in O e (α n , ε).
Denote by I n the Riemann sum that corresponds to the integral I for a cover of O e (x, ε) with balls of radius ε n and with the intermediate points given by
N (x,ε n ) conjugates of x. After a simple calculation, we obtain
for k large enough. By (11) and (10) we infer that
for any z ∈ E(x, ε), any m ≥ 1 and any 0 ≤ j < m. The right-hand side of (12) exists by condition (5) . Proceeding in the same manner as in (12), we find that
uniformly in z ∈ E(x, ε), for any k ≤ m, where " " means that the righthand side of (12) is multiplied by an absolute constant. By (9), (12) and (13), we infer that G m,j (z) − 1 (d n − 1)! P (F [1] , F [2] , . . . ,
which, by (5), tends to zero if n → ∞. Here P is a multivariate polynomial with coefficients in Z p . In conclusion, we have obtained the following result.
Theorem 4.2. Let x be a transcendental element of C p and {α n } n≥1 a sequence of algebraic elements of Q p such that Remark 4.4. From Theorem 4.2, it follows that for any transcendental element x of C p that satisfies condition (14) and for any positive real number ε, the ensemble formed by the trace function of x and all its derivatives is a generating set over Q p for the set A G 0 (E(x, ε), C p ), that is, for the set of Galois equivariant Krasner analytic functions defined on E(x, ε) with values in C p .
